Effects of electron-phonon interaction on the optical-phonon spectrum are studied within the lowest order perturbation in a bilayer graphene with potential difference associated with applied electric field. Due to the asymmetry of two layers, symmetric and antisymmetric modes are strongly mixed with each other and two peaks appear in Raman spectra. This behavior can also be controlled by a field due to an extra top gate. When the external field is sufficiently strong and opens up a gap comparable to the phonon energy, the phonons are modified considerably by resonant interband transitions.
§1. Introduction
The phonon spectrum can be modified directly by the change in the electron or hole concentration controlled by a gate voltage in graphene. The renormalization of the frequency and broadening of optical phonons and effects of magnetic fields were theoretically investigated in monolayer 1−3) and bilayer graphenes.
4)
The characteristic change predicted theoretically was observed in recent Raman-scattering experiments. 5−7) In this paper we shall study effects of potential asymmetry between two layers due to applied gate electric field in bilayer graphenes.
In an effective-mass approximation, an electron in a graphite monolayer is described by Weyl's equation for a massless neutrino. 8−14) Transport properties in such an exotic system are intriguing and the conductivity with/without a magnetic field including the Hall effect, 15, 16) the dynamical transport, 17) and quantum corrections to the conductivity 18) were investigated theoretically. The system was shown to exhibit various properties different from conventional two-dimensional systems. 19) Recently this monolayer graphene was fabricated, 20) and the magnetotransport was measured including the integer quantum Hall effect, demonstrating the validity of the neutrino description of the electronic states. 21−23) Since then, the graphene became the subject of extensive theoretical 24−35) and experimental study.
36−47)
Bilayer graphenes consisting of two layers were also fabricated and various phenomena started to be investigated. 21,48−52) A bilayer graphene has electronic states quite different from those in the monolayer system as was studied for the band structure with or without a magnetic field, 53−57) the transport 58−62) and dynamical properties, 63−65) and diamagnetic susceptibility.
65−67)
One important feature is that the band structure can be strongly modified due to opening-up of a band gap by applied electric field.
68,69)
For graphene and carbon nanotubes, a continuum model suitable for long-wavelength phonons was constructed, 70−72) and applied to the study of various anomalies appearing in phonons. 1, 3, 4, 73, 74) We shall use the same model to calculate the self-energy of phonon Green's function in bilayer graphene in the presence of potential asymmetry determined as a function of the electron concentration under a fixed external electric field. The paper is organized as follows: In §2, a brief review is given on the effective-mass description of electronic states in the presence of external electric field and a continuum model of optical phonons. Explicit results for phonon spectrum are presented in §3. Results are discussed in §4 and a short summary is given in §5. §2. Formulation
Effective-mass description
We consider a bilayer graphene which is arranged in the AB (Bernal) stacking as shown in Fig. 1(a) . The upper layer is denoted as 1 and the lower layer denoted as 2. In each layer, the unit cell contains two carbon atoms denoted by A 1 and B 1 in layer 1 and A 2 and B 2 in layer 2. In a monolayer graphene the conduction and valence bands consisting of π orbitals cross at K and K' points of the Brillouin zone, where the Fermi level is located. 75, 76) Electronic states near a K point are described by the k·p equation equivalent to Weyl's equation or a Dirac equation with vanishing rest mass. 8−14) For the interlayer coupling, we include only the coupling between vertically neighboring atoms. Then, electronic states are described by the k·p equation:
with
where γ is a band parameter,k = (k x ,k y ) = −i∇ is a wave-vector operator, Δ represents the inter-layer coupling between sites B 1 and A 2 , and eF d represents the potential difference between layers 1 and 2 (F is the
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effective electric field and d = 0.334 nm is the interlayer distance), as illustrated in Fig. 1(b) . The parameters γ and Δ are related to tight-binding parameters γ 0 and γ 1 through γ = ( √ 3/2)aγ 0 and Δ = γ 1 , where a is the lattice constant given by a = 2.46Å, γ 0 ≈ 3.16 eV, 77) and γ 1 ≈ 0.39 eV. 78) We shall completely neglect coupling γ 3 between vertically neighboring atoms A 1 ↔ B 2 and γ 4 giving coupling A 1 ↔ A 2 and B 1 ↔ B 2 as shown in Fig. 1(a) . They do not play important roles as has been discussed previously.
3,58)
The states are specified by the set of quantum numbers j and k, with k the wave vector and integer j = 1, 2, 3, 4 bands in the order of increasing energy (j = 1 and 2 valence bands and j = 3 and 4 for the conduction bands). The wave function is written as
where L 2 is the area of the system, k = |k|, (2.5)
(2.6) In the vicinity of ε = 0, the Hamiltonian is reduced to the (2,2) form,
The corresponding energy bands are
In the region of small k satisfyingh 2 k 2 /2m * Δ, we have 10) showing that the lowest conduction band has its minima away from k = 0. 68) Figure 2 shows some examples of the energy bands and Fig. 3 shows some examples of the density of states.
Potential Difference
Figure 1(b) shows a schematic illustration of the energy diagram of the system. The electron and hole concentration is usually controlled by the bottom gate given by heavily doped n-type silicon, but an extra top gate can also be used. In the following, we shall consider the situation that the electron concentration is varied by the bottom gate for a fixed value of the top-gate voltage giving F ext between the graphene and the top gate.
The asymmetry between two layers causes difference in the electron density and then leads to that in the electrostatic potential. Therefore, the effective asymmetry parameter eF d should be determined self-consistently for each electron concentration. Let n 1 and n 2 be the electron concentration per unit area of layers 1 and 2, respectively, and
Then, we have
where f (ε) is the Fermi distribution function and ε k = γk. We have introduced a cutoff function
14)
where n c should be chosen sufficiently large and ε c is a cutoff energy of the order of a half of the π band width.
In actual numerical calculations we shall choose n c = 4 and ε c ≈ 3γ 0 , but the results are only weakly dependent on these parameters. Within a Hartree-type approximation, the potential difference between two layers is determined by
15) where n s = n 1 + n 2 is the electron concentration per unit area and κ represents an effective static dielectric constant describing screening effects caused by electrons in core states, σ bands, and π bands away from the K and K' points. Its exact value is not known, but we can expect that κ is not so much different from 2.4 in bulk graphite. 79) In the following explicit calculations we use κ = 2. Because the energy bands are the same for positive and negative values of the asymmetry parameter eF d, we have the symmetry relation
Such a self-consistent calculation was made and an approximate expression of F (ε F , F ext ) was proposed for a limited region of ε F previously. 68) In the following we shall perform a similar calculation to explicitly obtain
Long-Wavelength Optical Phonon
Optical phonons in graphene were discussed previously based on a valence-force-field model, 70−72) and in the following we shall limit ourselves to the longwavelength limit. In the bilayer graphene, there are two modes, symmetric and antisymmetric with displacement of two layers oscillating in phase and out of phase, respectively.
They are represented by the relative displacement of two sub-lattice atoms A and B, given in layer 1 by (2.17) where N is the number of unit cells, M is the mass of a carbon atom, ω 0 is the phonon frequency at the Γ point, q = (q x , q y ) is the wave vector, μ denotes the modes (t for transverse and l for longitudinal), and b † qμ and b qμ are the creation and destruction operators, respectively. Define
with q = |q|. Then, we have
The corresponding phonon Hamiltonian is written as
The interaction between optical phonons and an electron at the K point is given by 71) 
72)
The displacement in layer 2 is exactly the same as in layer 2. Because of small interlayer interactions, phonons in layers 1 and 2 are weakly coupled to each other even in a symmetric bilayer without doping and can form symmetric and antisymmetric modes with slightly different frequencies. In the following, we shall completely neglect such small effects and exclusively consider effects of asymmetric potential distribution due to induced electrons and holes due to applied gate voltage. As was previously shown, the symmetry between transverse and longitudinal modes is not destroyed in the present system due to equal charge distribution between A and B sublattices and the isotropic nature in the long-wavelength limit. Therefore, we shall omit mode μ in the following.
Phonon Green's Function
The phonon Green's function (given by a (2,2) matrix associated with the presence of two layers) is written
In the following, we shall consider retarded Green's function. Because the phonon self-energy is small, we can rewrite the above aŝ
In the presence of potential difference between layers 1 and 2, the symmetric and antisymmetric combinations become no longer an eigen mode. The eigen modes are given by eigen vectors |u of ReΠ(q, ω 0 ). Then, the shift and the broadening of the phonon frequencies are given by
Δω u = Re u|Π(q, ω 0 )|u , 24) respectively. The symmetric component of the spectral function is defined by 25) where |+ represents the symmetric combination of the displacements of two layers.
To the lowest order in the electron-phonon interaction, the self-energy matrix becomes 26) where ν and ν denote the layer number 1 or 2, δ represents phenomenological broadening due to unavoidable disorder, and λ is the dimensionless coupling parameter
The last term in the bracket of the right hand side of eq. (2.26) represents the subtraction of the π band contribution to the self-energy shift in a monolayer graphene sheet, corresponding to the fact that we have started with the known frequency ω 0 .
1,3,4)
Because the energy bands are the same for positive and negative values of the asymmetry parameter eF d, the phonon self-energy depends only on |eF d|. Being combined with the symmetry (2.16), the phonon selfenergy has the corresponding symmetry 2.16) . The qualitative dependence of F on n s and F ext can roughly be described as
with effective polarizability α(n s ) weakly dependent on n s . This can easily be obtained from eq. (2.15) by setting
A very crude expression for α(n s ) will be given in the next section. For eF ext d = 0 in Fig. 5 (a) , the results are symmetric between positive and negative n s as has been discussed above. At n s = 0 with eF d = 0, the optical phonons are exactly classified into symmetric and antisymmetric modes. The symmetric mode has a lower frequency due to coupling with direct interband process between the lowest conduction band and the highest valence band. The antisymmetric mode has a higher frequency because this process has no contribution.
4)
For small n s the asymmetry in the potential eF d is not important and the classification into symmetric and antisymmetric modes is approximately valid. Near n s /n 0 s ≈ 0.2, the shift for the low-frequency symmetric mode exhibits a logarithmic singularity at ε F /hω 0 = 1/2 associated with the sudden decrease of the broadening. This is analogous to the case of the monolayer graphene 1) and the bilayer graphene with the symmetric potential distribution. 4) With the increase of the electron concentration the contribution of the interband process decreases and therefore the frequency of the symmetric mode increases. On the other hand, the process between the lowest and the excited conduction bands increases with n s and reduces the frequency of the antisymmetric mode. As a result, the crossover between the symmetric and antisymmetric modes occurs in the range 0.3 < n s /n 0 s < 0.4. Near the electron concentration where this crossover occurs, the potential difference eF d becomes appreciable and a large gap opens up due to the strong coupling between the symmetric and antisymmetric modes. The intensity is transferred from the low-frequency mode to the high-frequency mode. With further increase of the electron concentration, the potential asymmetry increases roughly in proportion to the electron concentration and at the same time the frequency difference of the symmetric and antisymmetric modes becomes larger. As a result, the intensity of the low-frequency mode remains roughly independent of n s .
In the presence of nonzero external field as eF ext d /hω 0 = 0.5 as shown in Fig. 5 (b) , the results are asymmetric between positive and negative n s . In fact, the intensity of the low-frequency mode is much stronger for n s > 0 than for n s < 0. This asymmetry becomes considerable for eF ext d/hω 0 = 1 as shown in Fig. 5 (c) .
For eF ext d/hω 0 = 2 as shown in Fig. 5 (d) , the actual potential difference becomes comparable to the phonon energy, i.e., eF d ∼hω 0 because α(n s ) ∼ 1, for n s ∼ 0 as can be seen in Fig. 4 . In this case, there appears resonant interband contributions between the highest valence band and the lowest conduction band for n s ∼ 0 and the frequency of the low-frequency mode with dominant symmetric component is lowered considerably, being accompanied by the considerable enhancement in the broadening. Actually, in the range where the condition eF d ∼hω 0 is satisfied, optical phonons exhibit considerable and sudden change in their frequency and broadening as a function of n s and eF ext , although the results are not presented here. Figure 6 shows the symmetric component of the spectral function I + (ω). For eF ext d = 0 in Fig. 6 (a), the spectrum is symmetric between n s > 0 and n s < 0 and therefore we shall consider the region n s > 0. Only a broad peak is present for n s /n 0 s < 0.2. With slight increase of n s the peak becomes much sharper and about at the same time a weak peak appears in the high frequency side. With the further increase of n s the intensity of the high-frequency peak becomes stronger and that of the low-frequency peak decreases and remains nearly the same roughly independent of n s .
With the increase of eF ext d as shown in Figs. 6 (b) and (c), the asymmetry between positive and negative n s becomes stronger although the dependence on n s remains qualitatively the same as that for eF ext d = 0. For eF ext d/hω 0 = 2 shown in Fig. 6 (d) , the spectrum becomes different even qualitatively due to resonant effects between the highest valence band and the lowest conduction band as has been mentioned above.
§4. Discussion
The polarizability α can be estimated very roughly as follows. In the absence of the potential difference, the electron density is equally distributed between two layers. Therefore, we have
where D 0 (ε) is the density of states of a monolayer graphene. This gives α(0) = 0. However, actual numerical results can be better understood if we replace
is the density of states of the bilayer graphene. This α combined with eq. (3.2) can describe very rough behavior of the numerical results given in Fig. 4 for both absolute values and dependence on n s and eF ext . The calculation of the linear polarizability α and detailed comparison with a self-consistent result is beyond the scope of this paper and will be presented elsewhere. So far, we have completely neglected γ 3 terms giving rise to a trigonal warping of the bands. 53, 58) The trigonal warping becomes important in the extreme vicinity of ε = 0, where the equi-energy line splits into four pockets with dispersions linear in k. However, this occurs only in the very narrow energy range of ∼1 meV corresponding to the electron concentration ∼ 3×10 10 cm −2 and in the absence of an external field F ext . As the typical electron concentration is 10 12 cm −2 or larger, 48) it is extremely hard to realize the situation where four equi-energy lines are well split from each other. Further, a small external field easily destroys these singular features.
The present calculations have shown that only a single peak with large broadening appears for small electron concentration n s . With the increase of n s , an extra peak appears in the high frequency side, most of the intensity is transferred to the high-frequency peak, and the low-frequency peak remains with smaller intensity. At sufficiently high electron concentrations, there are two peaks, a strong high-frequency peak and a weak low-frequency peak. This feature is in agreement with that of recent experiments showing double peaks in a highly doped bilayer graphene.
80)
In order to make detailed comparison with experiments, we may have to consider a small frequency splitting of symmetric and antisymmetric modes which can appear even without inclusion of electronic states in the vicinity of the K and K' points as considered in this study. This may be included as a small constant appearing in the off-diagonal part of the self-energy Π 12 and Π 21 and can modify the electron concentration where the crossing of two modes occurs. This parameter, which cannot be discussed within the present approximation scheme, should be determined through comparison with experiments. §5. Summary
In this paper, effects of electron-phonon interaction on the optical-phonon spectrum have been elucidated within the lowest order perturbation in a bilayer graphene with potential difference due to applied electric field necessary for controlling the electron concentration. In the presence of the asymmetry in the potential of two layers, symmetric and antisymmetric modes are strongly mixed with each other and two peaks appear in Raman spectra. This behavior can also be controlled by an external field due to an extra top gate. When the external field is sufficiently strong and opens up a gap comparable to the phonon energy at low electron concentrations, the phonons are modified considerably by resonant interband transitions. Fig. 1 (a) The lattice structure of a bilayer graphene.
Figure Captions
Some representative hopping integrals are shown.
(b) A schematic illustration of the bilayer graphene with a top gate and a bottom gate and the potential energy diagram. The distance between the layers is given by d, the potential difference by eF d, and F ext represents the field due to the top gate. 
